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Robust Game Theoretic Synthesis in the Presence
of Uncertain Initial States

Sinpyo Hong and Jason L. Speyer
University of California, Los Angeles, Los Angeles, California 90024

In this paper a performance robust control synthesis problem is considered; the performance measure v repre-
sents the sensitivity of the output to the nonzero initial state. The problem is to find a controller, out of a prescribed
set, that minimizes v such that internal stability and a prescribed level of disturbance attenuation for all real
parameter uncertainties in a given set are achieved. The primary motivation for considering this problem is that
v can be given a direct physical interpretation in terms of the transient response of a closed-loop system. Linear
time-invariant systems with output feedback are considered. A game theoretic approach is employed to solve the

synthesis problem and necessary conditions for optimality are given.

I. Introduction

ANY controller design problems are multicriteria problems,
i.e., there is more than one performance criterion to be con-
sidered. For example, in the benchmark problem,’ the controller
is required to satisfy certain design specifications on the settling
time, peak value of the control effort, and the sensitivity of the out-
put to the measurement noise. Despite a significant research effort
into the reduction of the sensitivity of the output to the process and
measurement disturbances, for example, in M, or linear quadratic
Gaussian (LQG) control theories, improvement of transient perfor-
mances measured as settling time and peak amplitude of output due
to nonzero initial states draws little attention in control theory for
linear time-invariant (LTI) systems. The usual LTI control problem
has been concerned with optimization problems with a performance
criterion on the sensitivity of output to the input process and mea-
surement disturbances, with the result that various weighting strate-
gies have been introduced to improve transient performances of the
closed-loop system. However, only experienced designers have a
good feel for the relation of the weight matrices to the transient

behavior of closed-loop systems.
Strict performance requirements on the controller design often
demand an exact model of the system to be controlled. However,
uncertainties are usually involved in the mathematical description of

physical systems. As a result, a closed-loop system in the presence of
system uncertainty often has poor performance or even becomes un-
stable when the controllers are optimized with respect to a nominal
model of the system. Hence, robustness of performance with respect
to system uncertainty must also be considered in controller design.
Many physical systems have real-valued structured uncertainty. For
these systems, robust controller design based upon an unstructured
uncertainty model, as in the H, control, or on a complex-valued
structured uncertainty model, as in u-synthesis,? may produce con-
servative results.

These observations lead to the introduction of a constrained dis-
turbance attenuation problem (CDAP). The idea in this problem
can be roughly stated as follows: A controller is to be found that
minimizes the worst-case transmission of initial state to the output
out of a set of controllers that provide internal stability and achieve
a prescribed level of disturbance attenuation for all real parame-
ter uncertainties in a given set. The transmission of a nonzero ini-
tial state to the output is closely related to the transient response
of the system. Hence, transient behavior of the control system
as well as attenuation of disturbances are directly considered in
CDAP, in contrast to the usual disturbance attenuation problem or
‘Ho, control problem in which only attenuation of disturbances is
considered.
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A game theoretic approach is employed for the design of the
optimal controller to solve the CDAP. Initial states, process and
measurement disturbances, and unknown system parameters are
considered as the maximizing players, whereas the control is treated
as the minimizing player in a minimax game problem. The game cost
criterion consists of a positive term composed of a quadratic norm on
the system output and negative terms composed of a quadratic norm
onthe disturbances. Instead of being penalized in the game cost crite-
rion, initial state and uncertain system parameters are restricted to lie
on or within the prescribed sets (here they are multidimensional el-
lipsoids). In contrast to the results in Ref. 3, the cost criterion is non-
separable and this formulation produces multiple worst initial states
for a given linear controller. These differences make it difficult to use
the simple method in Ref. 3 based upon two algebraic Riccati equa-
tions in solving the game problem. As a result, a linear fixed-order
dynamic compensator based upon partial information is assumed.
The controller is viewed as a function of a control parameter vector.

Throughout this paper || - || 4 denotes the Euclidean norm weigh-
ted by A, || - I3 denotes f0°° Il - II> dt, a superscript T denotes the
transpose, and Vec(-) denotes the Kronecker “Vec” operator. The
vector is obtained by vertically stacking the columns of a matrix.
The term A(:) denotes an eigenvalue of a matrix, co{-} denotes the
convex hull of a set, A(-) denotes the largest eigenvalue of a matrix
whose eigenvalues are real valued, and Re(-) denotes the real part
of a number. For a symmetric nonnegative matrix A the term +/ A is
the unique nonnegative symmetric matrix such that v/A«v/A = A,
Here, L, is used for L,[0, oo). All vectors and matrices used in the
following sections are real valued. For an algebraic Riccati equation
(ARE)

ATX + XA+ XWX+Q=0

with W, Q symmetric, the symmetric solution X is called a sta-
bilizing solution if A + WX is stable. The ARE has at most one
stabilizing solution. A symmetric solution X’ is called minimal if
X' < X for any nonnegative solution of the above ARE. If the sta-
bilizing solution is nonnegative for nonnegative W and Q, then A
is stable. All the proofs of lemmas and theorems of this paper are in
the Appendix.

II. Problem Statement
Consider the dynamic system

x(t) = A(P)x (1) + B(pu@®) + T(p)w(), x(0)=x (1)

y(&) = C(p)x(@®) +v(®) ()]

and the associated input and output

W-lw JOx
wi=[mv:], Zz[ﬁu:l 3

where x(¢) € R" is the state, u(t) € R" is the control, w(t) € R™ is
the process disturbance, y(¢) € R? is the measurement, v(¢) € R? is
the measurement disturbance, z is the output, w; is the disturbance
input,and Q@ > 0,R > 0, W > 0,V > 0. p € R’ is the constant
system parameter vector and the system matrices A, B, T, C are
analytic functions, not necessarily linear functions, of p. Here, p is
restricted to the set

E={p:lp-plt, <1} @

where p is the nominal value of p and p — p represents the uncer-
tainty in p. The set E is given as a set associated with an ellipsoid
although any compact set can be considered. The controller to be
considered in this paper has the form

u=K3%,  xI=AX+By 0)=5% (5)
where ¥ € R*. Hence, the control u is only the function of control
parameter vector K € R* and %,, where K = Vec(K,, A, B.).
Considering the controller structure, the system can be augmented
such that

X=A(p, K)x+T(p, K)w, %(0)=3% (6)

z—] le—— x,
] P(p) :_‘—Wi
y u

H(K)

Fig.1 Block diagram of system.

where 7 = [x7, £7], w7 = [wT, v7], and

- _ i A BMK.| - | T®» o
A(p’K)_[BcC(p) A, ],F(P,K)—[ 0 Bc] )

Let T(p, K) be the transfer function between the output and
the disturbance input such that z = 7 (p, K)w;. Then, for stable
Alp, K),

2
I, I = sup 22

—=, X =0,
w; ”wi”2

lwill} #0  (®)
We are interested in a class of controller with which the closed-loop
system is stable and || 7 (p, K)|l§o < 6 for all p € E for a given
disturbance attenuation level 6. _

Definition 2.1. Here, K is admissible if A(p, K) is asymptot-
ically stable and |7 (p, K)l|§o < @ forall p e E.Let E4(8,E)
denote the set of all admissible control parameter K. The term E 4
is used for E 4 (0, E) whenever there is no confusion on 8 and E.

A. Motivation

Consider Fig. 1, which represents the feedback system discussed
above. P(p) represents the open-loop system, which is a function
of plant parameter p, and H (K represents the controller, which is
a function of control parameter K. Given p and K with %, = 0,
the output z is determined by both disturbance input w; and initial
state xo. The block diagram might be useful for the control system
designers who are concerned with the effects of the nonzero initial
state on the output, i.e., the transient behavior of the closed-loop
system, as well as the effects of disturbance on the system perfor-
mance. Note that the H,, norm of 7 (p, K) can be considered as the
worst-case sensitivity of output to the disturbance input when the
initial state is zero. One way of defining the worst-case sensitivity
of output to the nonzero initial state without disturbance would be
such that

45
Vp = max “ ”2 B
X0 Xoil', _
B!

w; =0, x0 #0 9

which is introduced by Ghaoui et al.* Here, v, can also be interpreted
as the worst-case transmission of the initial state to the output. Since
the two sensitivity norms || 7 ||, and vy may conflict with each other,
the control synthesis formulation based upon the minimization of
either || 7]l or vy may not be attractive to control system design-
ers concerned with the effects both of disturbance and initial state
on the output. One control synthesis formulation in which the two
sensitivity norms are considered is a CDAP, which is described in
the following. Consider the inequality

Izl < Ollwill3 + allxoll? (10)
]

subjectto Egs. (1) and (2) with X € E,4 and with minimizing £y = 0.
Define the set of o satisfying inequality (10) with given K, 6, E as

A(K, 0, E) = {o > 0: Eq. (10) holds Vw, v € L,

xo € R, JZBS] E }
Ifa; € A, then oy € AVa, > a;. Hence, only the infimum of A is
meaningful. Hence the following definition is introduced:

ao(K, 0, E)2 inf A(K, 6, E) (11

An important result concerning the disturbance attenuation that will
be proved later is that if K € E,, then, forall p € E,

1T (p, K)o <6,  v(p, K) < ap(K, 6, E)
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This observation leads to the introduction of the CDAP: Given an
upper bound on the H, norm of 7, ~/8, and the set of real-valued
uncertain system parameter, £, a control parameter vector K is
to be found that minimizes «y(K, 8, E). Note that the CDAP is a
performance robust control problem with a constraint on the atten-
uation level for the disturbance input w;. The performance criterion
to be minimized is directly related to the transient behavior of the
closed-loop system. Let

wi 0, E)=  inf _a(K,0, E)
KeEA(0.E)

Then it is shown in Theorem 4.2 of Sec. IV that «j(8, E) is a
nonincreasing function of 8. Reduction in 6, the upper bound of
|71, , might be achieved by increasing . This implies that § and
o3 (9, E) may form a Pareto optimal set. Hence, trade-off between
two disturbance attenuation parameters 6 and o may be required
in control synthesis. More discussions on the relationship between
oy and transient performance are given in later sections. In the next
section a game theoretic problem is formulated that is equivalent to
the CDAP.

B. Robust Game Theoretic Problem
Consider the game cost criterion

T(K, %o, w, v, %0, p) = llzll} = Ollw;ll}, 6 >0

subject to Egs. (1-5) and the set constraining xq such that
D = {xoi Il < 1] (12)
0

where Py > 0. The game problem is finding Xy € R* and K € E,4
that are the solutions of the following minimax problem:

min max J(K, X, w, v, X0, p)
K%y p.xo.w,v

where p € E, xg € D, and w, v € L,. In the following, the above
dynamic game problem is transformed into a parameter minimax
problem in which X is the minimizing parameter and p is the max-
imizing parameter, and the equivalence of CDAP to the game prob-
lem is shown.

The solution to the minimax problem involves the stabilizing
solution to the ARE:

0=A(p, K)' ®(p, K) + ®(p, K)A(p, K)

+(1/0)®(p, K)T'(p, KYWE(p, K)T ®(p, K) + Q(K) (13)
where A(p, K) and T'(p, K) are defined in Eq. (7) and

S - | 2 0 g o
e =1 KTRK, |’ R %

The corresponding Hamiltonian matrix is

A(p,K) (1/0)T(p, KYWI(p, K)T}
c g (14)
—Q(K) —A(p, K)T

Before introducing main results of this section, a lemma is intro-
duced that will be useful to characterize the admissible control pa-
rameter set £ 4. _

Lemma 2.1. Let A(p, K) in the ARE (13) be stable. Then the
followings are equivalent®=%: 1) |7 (p, K)|l < /8, 2) there exists
a nonnegative stabilizing solution to the ARE (13), and 3) H(p, K)
has no eigenvalues on the imaginary axis.

Remark 2.1. Lemma 2.1 implies that E 4 in Definition 2.1 is not
a closed set.

_Lemma 2.2. For K € E4 and [w7, v7]7 = o* =
WT'(p, K) @ (p, K)x/6,

H(p,K)=[

max J(K, Xo, w, v, X9, p) = J(K, Xy, w", v*, xq, p)
w,ve Ly

A
= ”x()”q;(p,K)

Proof.  See Appendix.
Partition ®(p, K) such that

onu(p, K)  ¢u(p, K):I
¢12(p, K)T dn(p, K)

where ¢12(p, K) € R™. Let

vi(p, K) = Ai(Podu(p, K)), %5 =0,

P(p, K) = [ 15)

v(p, K) =maxvi(p, K), A={1,2,...,n}
ren

fiy(p, K) = {i € izvi(p, K) = v(p, K)}

v*(K)=r’}1€a;§V(p, K), Pu(K) = {p € E:v(p, K) = v*(K))}

x5(p, K) = eigenvector of Pody((p, K) for vip, K)

16
with x5 (p, KO3, =1 o
0

Note that there may be more than one element in each of the sets
Aiy(p, K) and p, (K).
Lemma 2.3. For K € E, and p*(K) € p,(K), we have

X KL K) |

. -2
min max max || %, ) £
0

%€ R peE xpeD

O(p*(K).K)

I

vi(K)

Proof. See Appendix.
From Lemmas 2.2 and 2.3 we have

min max
ieR  peExyeDwyvely

J(K, %y, w, v, X9, p) = v*(K)

Hence, the minimax game problem is equivalent to finding K that
is the solution of the minimax problem

min v*(K) = min maxv(p, K)
KeE, KeEy peE

The next theorem states the relationship between the minimax
problem and the CDAP.
Theorem 2.1. For K € E4 # ¥ and ap in Eq. (11),

(K, 0, E) =v*(K)

Proof. See Appendix.
Therefore, the equivalence of CDAP to the game problem follows
from the equation

inf og(X, 0, E) = inf v*(K) = inf maxv(p, K)
KeEy KeEy KeE4q peE

III. Properties of CDAP

As mentioned in Sec. II.A, the CDAP is a control synthesis prob-
lem in which the transmission of two types of system input to the
output are taken into consideration. One type of system input is the
process and measurement disturbance, and the other one is the ini-
tial state. In contrast to the H, optimal control theory in which only
the minimization of the transmission of disturbance input energy to
the output is concerned with assuming zero initial state, the CDAP
is a constrained optimization problem in which a controller is to be
found such that the transmission of initial state to the output is to be
minimized with a constraint on the H,, norm, the transmission of
unit disturbance input energy to the output. This section provides the
relationship between the H,, optimal control problem and CDAP
and some propetties of CDAP.

Consider the Lyapunov equation

0=L(p, AP K)+A(p, K) L(p, K)+ O(K) (D)
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As ®(p, K), partition L(p, K) into four blocks that consist of
Aun(p, K), App(p, K), and Ay (p, K). .

Lemma 3.1. 1f A(p, K) is stable, then vy(p, K) = A (PoAp
(p, K)), where vy(p, K) is defined in Eq. (9).*

Proof. See Appendix.

Lemma 3.2. For K € E4, vo(p, K) < v(p, K). Hence, for o
(K, 8, E) defined in Eq. (11), we have

vo(p, K) <v(p, K) v (K)=y(K,8,E) VpekE

Proof. See Appendix.

Considering the definition of £, and Lemma 3.2, we have the
following corollary.

Corollary 3.1. For K € E, we have [7(p, K)o < N
(p,K) < v*(K)Vp € E.

Notethatforg, > 6;, A(K, 8, E) C A(K, 6, E)and E4(6,, E)
C Es(6,, E). Note also that for E; C E,, A(K,0,E)) D
A(K, 0, E;) and E4(0, E1) D E4(6, E;). Hence, we obtain the
following theorems.

Theorem 3.1. Let 6, > 0;. Then, ap(K, 61, E) > oy(K, 0,, E)
VK € E4(6:, E). This implies

inf  ao(K,0,E)> inf oao(K,0,E) (18)
KeE4(01,E) KeEp(6h.E)

Theorem 3.2. Let Ey C E, C E. Then, ap(K,0, E}) < ay
(K,0, E;) VK € E4(6, Ey), and

inf oK, 8, E) < inf oKX, 08, Ey) (19)
KeE4(0,E) KeEa(9,Ep)

From Corollary 3.1, we can see that v*(K) might be used as a
measure of the quality of transient performance of the system due
to nonzero initial states with a controller parameter vector K; i.e.,
a small v*(K) means a small worst-case output of the system in
response to the nonzero initial states while maintaining the distur-
bance attenuation level 6 with respect to disturbances w and v.
We can also see from Eq. (18) that a small 6, and hence a small
Ho norm, is not necessarily desirable when a small value of oy
is required. The inequality relation (19) implies that as the region
of parameter uncertainties increases, the corresponding disturbance
attenuation parameter oy increases. Therefore, the controller, which
makes the dynamic system stable with the system parameter in a
relatively large part of the allowable parameter region, has rela-
tively poor worst-case transient performance due to nonzero initial
states.

IV. Optimization Process

In this section, necessary conditions for the optimal K in the
minimax game problem or CDAP are introduced. The synthesis
procedure requires a solution to the parameter game problem

min max v(p, K) = min v*(K) (20)
KeEyp pecE KeEy

Since the set E 4 is not a closed set, and since v*(K) is not a convex
function in general, there may not exist an optimal K that mini-
mizes v*(K). Hence, in this section, a suboptimal problem is con-
sidered in which an optimal K is to be found in the closed subset
of E,. It is shown that the suboptimal problem is a special type
of semi-infinite programming problem in which the function to be
optimized and the functions in the inequality constraints are nondif-
ferentiable. A general solution to this type of problem is not known
yet. In Sec. IV.A, a necessary condition to the suboptimal prob-
lem is given for the case in which the functions in the constraints
are locally Lipschitz continuous at the optimal K. This necessary
condition involves generalized gradients for v*(K) and constraint
functions. Hence, the condition is quite complicated to check nu-
merically. In Sec. IV.B, an approximate form for the suboptimal
problem and the corresponding necessary condition for optimality
are introduced. The key feature of the approximated problem is that
the semi-infinite programming problem can be transformed into the
usual nonlinear programming problem with some mild assumptions
on the differentiability of the functions in the suboptimal problem.

Without loss of generality we assume that Py = I. Otherwise,
change such that x — /Py 'x, A(p) — /Py A(p)/Po, B(p)

— JP'B(p), T(p) — JPBy'T(p), Q0 — /PQ/Py, and
C(p) = C(p)/Py. Since ¢11 (p, K) is real symmetric, A;(p, K) in
Eq. (16) is continuously differentiable with respect to each element
of ®(p, K) I ®(p, K ) is an analytic function of each element in
A(p, K),T(p, K),and O(K) in a subset of E x E 4, then A;(p, K)
is continuously differentiable with respect to (p, K) in the set. The
following lemma, which follows essentially from Lemma 1.1 in Ref.
10, shows that ®(p, K) is an analytic function of each element in
A(p,K),T(p,K),and Q(K)in E x E,.

Lemma 4.1. If K is admissible, then ®(p, K) is an analytic
function of A(p, K), I'(p, K), and Q(K) forall p € E.

Let {u;(p, K):i € A, 0, = {1,2,...,n + s}} be the set of all
stable eigenvalues of H(p, K), dy,(p, K) = Re(u;(p, K)), and
d, (p, K) = Re(A(A(p, K))). Then, using 7, instead of 7, we
can define the functions and sets (d,, (p, K), d,(p, K)), (i, (p, K),
A (p, K)), (@ (k), d;(K)), and (p4(K), p.(K)) in the same way
as v(p, K), i, (p, K), v*(K), and p,(K) are defined in Eq. (16),
respectively. Then, using Lemma 2.1, it can be shown that

Es={K eR*: dy(p,K) <0, d,(p,K) <0 Vp € E}

Hence, the robust control synthesis problem (20) is equivalent to
finding solution to the problem

mink{v*(K):d,,(p, K) <0,d,(p,K) <0 Vp € E} 2D
K eR

Since E,4 is not closed, there may not exist a minimum value of
v*(K) in E 4. Hence, a minimization of v*(K) over a closed subset
of E 4 can be considered for practical purposes. Let

Ea(cn.ca) ={K e R:dy(p, K) + ¢ <0,

d,(p,K)+c, <0 VYpeE}

where ¢, ¢, are positive numbers. Then one modifications of
the control synthesis problem could be finding a solution to
MiNgeE, (.0 V* (K). This problem is equivalent to

min [maxv(p, K):dy(p,K) +c, <0,
KeRt | peE

do(p,K) +c, <0 Vpe E} 22)

or

min (v'(K): d;(K) +c, <0, dj(K) +¢, <0} (23)
KeR

This optimization problem is a special type of semi-infinite program-
ming problem in which there are infinite number of constraints and
the functions v*(K), dy (p, K), and d,(p, K) are not differentiable
in general.

A. Necessary Condition for Optimal K

Since both H(p, K) and A(p, K) are not symmetric matrices,
eigenvalues of these matrices may not be differentiable with re-
spect to (p, K) when these eigenvalues are defective, i.e., not
diagonalizable.® Even if these matrices are nondefective, eigenval-
ues may not be locally Lipschitz continuous when they are not sim-
ple, i.e., when the algebraic multiplicity of each of the eigenvalues
is greater than 1.!* Hence, d; (K) and 4 (K) in Eq. (23) can be the
maximum function of functions that may not be locally Lipschitz
continuous. General solution to this type of optimization problem is
not known yet. In this section we are interested in finding a neces-
sary condition for the problem given in Eq. (23) when the dominant
eigenvalues of H(p, K) and A(p, K) have some regularities. Note
that a simple eigenvalue of a matrix is an analytic function of the
elements of the matrix.>!? As can be seen in Eq. (23), the perfor-
mance criterion v and d, and d, in the constraint inequalities are
nondifferentiable functions. Before the main results of this section
are stated, some useful definitions for nonsmooth analysis found in
the book by Clarke'? are introduced.

Definition 4.1. A function f is locally Lipschitz continuous
(LL.c.) at x if there exist an L € [0, 00), p > 0, such that || f(x)
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—f @ < Lilx — x'|| Vx, x" € B(x, p), where B(x, §) is the ball
at center X with radius p.

Definition 4.2.  Let f be 1.L.c. We define the (Clarke’s) gener-
alized directional derivative of f(-) at x in the direction A by

f(y+th) f

dof (x: by = ;

y—)X

where li_m( -) is the limit superior of a function.

Definition 4.3. Let f belL. & We define the (Clarke’s) general-
ized gradient of f(-) at x by E)f S {&:dof(x:h) = £Th Vh), where
& and A are in the appropriate Euclidean space.

Definition 4.4. An 1.L.c. function f is said to be regular if its
(ordinary) directional derivative [d f(x: h)] exists for all x and &
anddf(x:h) =dof(x: h).

We have the following lemma for the generalized gradient of
v*(K).

Lemma 4.2. The generalized gradient of v*(K) is

7001 (p, K)

3\1"(K)=CO{N'= j aKl uijEﬁv(p’ K)v

pep(K)ic k}

where k& = {1,2,...,k},u; is the orthonormal elgenvector of
qbu(p K) correspondmg to v;(p, K), and N = [N'N?... N*]T,
[K KZ Kk]T

Proof See Appendix.

Let L(K, 0y, My Na) = 0uv*(K) + mpld;; (K) + cn] + n.d} (K)
+ ¢,], and g L(K, Ny, My, 1a) = cofn,dv*(K) + npdd; (K) +
n,0d;(K)}, where n,(n,) is zero when d; (K) + ¢, < 0 [d}(K) +
¢, < 0]. Then, the following necessary condition for the optimal
solution for Eq. (23) comes from Ref. 13, Theorem 6.1.1.

Theorem 4.1. Let K* be the solution of Eq. (23). If dd; (K™*)
and dd} (K™*) exist, then there exist 7, > 0,7, > 0,and n, > O not
all zero, such that 0 € dx L(K*, 0y, 11h, Na)-

Remark4.1. Sincedy, (p, K) is a continuous function of (p, K)
for each i € ny,d,(p, K) is a continuous function of (p, K). If
dn(p, K) is L.L.c. for K uniformly in p € E, then d;(K) is LL.c,,
and hence the generalized gradient for d; (K) exists (Ref. 14, The-
orem 3.1).

B. Approximate Solution

In the previous section the necessary condition for optimal X is
quite complicated to check numerically. In this section functions
that approximate the performance criterion and constraint functions
are introduced. Using these approximate functions, a simple neces-
sary condition for optimality and a simple search algorithm can be
obtained under certain conditions on the differentiability of v, d,
and d,. Let

L, K. h) = vip, )+ hy (lp = Bl — 1) 24

L,(p,K})=maxL, (p, K, 2,), L}(K) =max L,(p, K)
ieh pekE

25

where the Lagrange multiplier Ay, is zero when its associated con-
straint term ||p — pll%_, — 1 is not equal to zero. Note that if
vi(p, K)is contmuous)fy differentiable with respect to (p, K), then
L, (p, K, 1,,) is also continuously differentiable with respect to
(p, K). For €, > 0, consider the following set of p:

Pe,(K) = {py € E: v(K) = v(py, K) > v*(K) — €,, v(py, K)
is one of the local maximum of v(p, K) for p € E} (26)
Then,

a
—L,(p.K,x,)=0 for iecd, at

ap pepEv(K)

@n

Consider the following approximation function®

1
U(K) = ;ﬂv( Z exploL,(p, K)]) (28

P€Pe,(K)
where p > 0. For finite p., (K), we have
V' (K) < B(K) v (K) + [N, (K)]/p (29)

where N, (K) is the number of elements in p. (K). We can
define the set of functions Ly, (p, K), L4 (p, K), Li(p, K),
Lu(p, K), Ly(K), Li(K), P, (K), pe,(K), dp(K), and d,(K) in
the same way as L,,(p, K), L,(p, K), L3 (K), pe,(K), and v(K)
in Egs. (24-28). Let N, and N, be the number of elements in
Pe, (K) and pe, (K), respectively. Then, using N, and N, we can
obtain the inequalities for d,,(K) and d,(K), whlch are similar to
Eq. (29).

Note that a global search over E is necessary to find
De, (K), Pe,(K), and p,(K) for each K € E4 (cy, ¢,). Suppose
82L,(p, K)/dp* and 8°L,(p, K)/(3K dp) exist, and suppose the
Jacobian for 92L,(p, K)/dp® is not zero for each p € p, (K).
Then, by the implicit function theorem, all the elements in the set
Pe, (K) are differentiable functions of X. The same arguments can
be applied for all the elements of p., (K) and p, (K). As an approx-
imate form for the control synthesis problem (23), the following
optimization problem might be considered:

I}nink{\‘)(K): d(K)+c, <0, d,(K)+c, <0} (30)
eR

For this problem we have the following Kuhn and Tucker necessary
condition:

Theorem 4.2. Let K be a solution to Eq. (30). Suppose that for
each Py € pEv(K) Pr € peh(K)a and Pa € Pea(K) 1)
0Ly (ps, K)/0p, *Ly (p. K)/ (K p), 92 Ly (py, K)/0p*, 0°Ly
(pn. K)/ (8K dp), 82L (pa,K)/Bp and 9°L, (pa, K) /(3K dp) ex-
ist; 2)noneoftheJacob1ansof8 L,(p,, K)/(‘)p ,E)ZL;,(ph K)/E)p R
and82L (pa, K)/3p* are zero; and 3) N, (K), N, (K),and N, (K)
are finite.

Then, there exist 8, > 0 and 8, > 0 such that

SR+ By ol () + oo (R) = 0

where B, (B,) is zero when dy, (K) + ¢, # 0 [d,(K) + ¢, # 0]

Remark 4.2.  Even though eigenvalues of a symmetric matrix
are continuously differentiable with respect to its elements,'? they
are, in general, not analytic functions of these elements. However,
the maximum eigenvalue of ¢1,(p, K) at p € p.,(K) is usually a
simple eigenvalue because it happens quite rarely that more than
one eigenvalue of ¢ (p, K) assumes the same local maximum at a
point in E when the volume of E is relatively large. Hence, it seems
quite reasonable to assume that 7,(p, K) for each p € p., (K)
has only one element and v(p, K) is an analytic function for each
P € (K.

Remark 4.3. The set of stable eigenvalues of H(p, K) [and
dominant eigenvalues of A(p K)] for each p € p.,(K)p €
Pe,(K)] usually consist of a pair of complex conjugate eigenval-
ues or a simple eigenvalues for the same reason as given in Remark
4.2.Hence, L, (py, K) and L,(p,, K) are usually analytic functions
at py € pe, (K) and p, € p, (K), respectively.

The optimization problem in Eq. (30) is the usual nonlinear pro-
gramming problem. Let

LK) = V(K) + Buldn(K) + cy1+ Bulda(K) + 4]

If assumptions in Theorem 4.2 hold for a K that satisfies the con-
straints in (30), then the gradient of £(K) with respect to K is

VL= iV(K)+1f5h d dh(K)+,Ba d d (K)
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and from Eq. (27) we obtain

3
d Z17613<.,(I() exploL,(p, K)]ﬁv(p, K)
ZPéﬁe.,(K) exploL,(p, K)]

dK

We can obtain equations for dd, (K)/dK and dd,(K)/dK that are
similar to the above equation. Any efficient numerical search algo-
rithm can be used to find local optimal solution to (30) with the

above gradient for £(X).

C. Role of ¢, in Transient Performance

One of the most important characteristics of a control system
is its transient response. Suppose there are no disturbances. Then
given nonzero initial states, a desirable control system has a tran-
sient response with small amplitudes in the output but with a short

= x l_>x2
u —~
m — NN/ m, —» w,
W]-—b k
[OINO) O _Q
NN\

Fig.2 Mass-spring system.

Response of x5 to impulse w,

__ K=Kl
K=K 1

25k

. K=K3
-~ :K=Kd4

05 ' T . . L
0 5 10 15 20 % 3
Time(sec.)
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a6} i K=kl ]
ol :: 1“ _._K=K2 |
RS K=K

-~ :K=K4

TO 15 20 A 30
Time(sec.)

ey
£=3
[V S
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settling time (the settling time can be roughly defined as the time
required for the response curve to reach and stay within a given
range about the final value, specified by an absolute percentage of
the final value).!® However, a controller that produces a small output
for a nonzero initial state may not have as short a settling time as
a controller that produces a large output. This observation neces-
sitates in the control system design another performance criterion
in addition to the quadratic performance index to handle settling
time. Even though exact analytical expressions for settling time are
prohibitively complicated for systems of order higher than 2 (Ref.
17) in classical control, settling time is estimated by the real part of
the dominant closed-loop poles (the closed-loop poles that are the
closest to the imaginary axis).

The real parts of the dominant closed-loop poles of the system
are less than or equal to the real parts of the dominant eigenvalues
of A(p, K). By definition, —c, is an upper bound for the real part
of the eigenvalues of A(p, K) for all K in E4 (¢, c,) and for all
p € E. Hence, if a short settling time is necessary for a control
system, a large value of ¢, is desirable.

V. Application to Benchmark Problem

In this section, the game theoretic synthesis procedure is applied
to the benchmark problem' of a two-mass~spring system. After
introducing the benchmark problem (2), the design procedure for

2 Response of 22 to impulse wo

05 . n N . N
0 5 10 15 0 % 30
Time(sec.)
Response of u to impulse ws
06 T T T T v
_ K=Kl
by ) K=K ]

R -« K=K3
-~ K=K4

.'A‘:.

1

;

i

i

i

I

o

i

3
o

‘

.

1

'
N
(%]
e
‘

061

08 L . : L )
0 5 10 15 20 2 30

Time(sec.)

Fig.3 Time responses of x2 and u to unit impulse disturbances w; and w, with various K for nominal system parameters (p = p). Figures show effects

of d and v on transient response of control system.
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Fig.4 Time responses of x1,x2,and u to unit impulse disturbance w; in presence of measurement disturbance v with K* for nominal system parameter

(p =p).

the robust game theoretic controller derived in Sec. IV is presented
to solve the benchmark problem.

A. Benchmark Problem
Consider the noncollocated mass—spring system in Fig. 2,! where
the equation of motion is

0 0 10 0
. 0 0o 01 0
= kmy kimy 0 05T ym,
k/my —k/my O O 0
0o 0
0o 0
im0 ¥
0 1/ms

y=[0 1 0 Olx+v, x=1[x; x» x3 x417
€)Y}
w=[w w]
where x is the state, u is the control, w is the process disturbance, y
is the measurement, v is the measurement disturbance. Here, k, m,
and m; are unknown system parameters and each of them has a
nominal value of 1. The allowable ranges of the parameters are

05<k=<20,05<m <1.5,and 0.5 < my < 1.5. It is desired
to find a control u such that the closed-loop system is stable with
relatively good transient performance for a relatively large region
of system parameters in the above allowable set.

B. Controller Synthesis Procedure
To solve the benchmark problem (2), K., A., and B, are selected
such that

Ki K, Ky K

1 0 0 ©
Ke=1Ks Ks Ko Kl Ac=| o | o o
0 0 1 0

B, =

[=NelNell e

The control parameter vector is chosen such that K = [K; K>
K3 K4 Ks K¢ K7 Kgl. Let Xp = 0. The system unknown parame-
ter vector and the nominal system parameter vector are selected as
p = lkmym,], p = [111]. We want to find the control u, which
is a function of K, such that the system is stable with respect to
the system parameter change in the allowable set while maintaining
good impulse response to w; and w,. Short settling time and small
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Fig. 5 Time responses of x, and u to unit impulse disturbances wy and w, with K* for various system parameters in the E.

peak amplitude of the control are also required. Hence, we choose
large 6 and relatively small E so that good transient response is
obtained. The design parameters are chosen as

6 =10,

Ca=(,‘h=0.]6, Q=P():14

W =1, V=R=1

and E = {p: |p — plI*> < (0.3)?}, where I; denotes an identity ma-
trix of dimension j. We find a control that satisfies the first-order nec-
essary condition for K* with a constraint using both global and local
search methods. Although both global and local search can be used
to determine p, (K), pn(K), and p,(K), only local search is possible
to find K* because the allowable set for K is unknown. The global
and local numerical search programs are written in Matlab. Gradi-
ent methods are used in the local search algorithm. In the global

search for p,(K), pp(K), and p,(K), the performance measures
v(p, K), dy(p, K), and d,(p, K) are tested at evenly distributed
points in E with a given K. The worst points of p for each
v(p, K), dy(p, K), and d,(p, K) are selected among them. Start-
ing from these points, p,(K), p,(p, K), and p,(K) are determined
with local search methods.

C. Solution and Simulation Results

Since 8 > 1, d,(p, K) is almost the same as d,(p, K). In the
remainder of this section, d(p, K) is used for both dj,(p, K) and
d,(p, K). To illustrate the relations of v(p, K) and d(p, K) to tran-
sient response, we fix p at p and change K such that v and d de-
crease. Figure 3 shows the responses of x; and u to unit impulses w;
and w, with several values of K. Note that the peak amplitude of x,
decreases as v decreases and settling time decreases as d decreases.
Numerical values of K, v, and d are as follows:

K, =[-456 -23.1 —409 -31.6 476 19.6 — 12.7 —1.60]
K> =[-6.05 —-229 -40.2 -31.7 533 201 —13.6 -1.97]
K;=[-645 —-224 -390 -323 572 184 -—174 -3.61]
Ky =[-495 -209 -39.1 -32.8 411 143 -—-22.1 -4.71]
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d(p, K1) =—028,  v(p, K1) =139
d(p,K2) =—032,  v(p, K2) =114
d(p, K3) = —0.40,  v(p, K3) =66
d(p, K4) = —041,  v(p, K4) =43

To solve the benchmark problem (2),' a numerical search is per-
formed to find a K that satisfies a necessary condition for the op-
timization problem (30). The resulting control parameter vector is

K*=[-5321 —2359 —39.98

or in transfer function form,
u(s) = 3.1859
(s + 6.1888)(s — 0.8966) (s + 0.1226)

57+ 3.014s + 14.3599)(s2 + 23074 + 2.2717) >
With K* we have v*(K*) = 123.8,d*(K*) = —cu, and |7
(P, K9l = 29.7. The controller with K* guarantees that

v(p, K*) is smaller than or equal to 123.8 for all p in E. In ad-
dition, it is found by numerical test that X* also guarantees that the
closed-loop system is stable for all p in E with £ = 0.55. It is
interesting to note that ||7 (7, K*)|l« is much smaller than its up-
per bound /8. It seems that ¢, plays an important role to decrease
the Ho norm. Figure 4 shows the time response of xy, x,, and u to
unit impulse w, in the presence of measurement disturbance with
nominal system parameter. In the simulation, white noise with zero
mean and power spectral density of 0.01 is used as a measurement
disturbance. It is interesting to note that the time response of x; is
quite insensitive to the measurement noise even though the upper
bound of the Ho, norm of T, /8, is relatively large. Figure 5 shows
time responses of x,, x;, and u to unit impulses w; and w, with
various system parameters in E. Note that the shapes of the time
responses of x and u are changed relatively little with respect to
system parameter changes in E. These figures illustrate the perfor-
mance robustness of the game theoretic controller with respect to
system parameter changes. In order to check the performance of a
closed-loop system with K* for the set {p:0.5 < k£ < 2.0,0.5 <
my < 1.5,0.5 < m, < 1.5}, which is given in the benchmark prob-
lem 2, tests are made at the vertices of the set. Even though these
points are out of the region E, the closed-loop system is stable at
the points [0.5 0.5 1.5], [0.51.50.5], [2.00.51.5],[2.01.50.5], and
[2.0 1.5 1.5} and unstable at the remaining three points. The settling
times of the transient response to the impulse inputs at m; and m,
are between 15 and 25 s, and the maximum controls for the same
inputs are between 0.7 and 1.2 at each of the above five points ex-
cept the points [2.0 1.5 1.5], in which the settling time is 35 s and
the maximum control is 0.5.

Given the problem specifications,! numerical comparisons with
other controllers for the benchmark problem in the September—
October 1992 Journal of Guidance, Control, and Dynamics show
that the present design performs better in terms of transient perfor-
mance and does not suffer in any of the other measures. !

In order to find maxima of v(p, K) and d(p, K) over p in E,
global searches over E are required. The optimum number of test
points in E to find significant points for the global search depends
on the problem and experience of the designer. In general, as the
number of the test points increases, the chance to find all the sig-
nificant points improves. However, the computational load for the
search can increase exponentially as the dimension of E increases.
Hence, for a system with a large number of uncertain parameters, an
optimization technique based on upper bounds of the above func-
tions over E can be an attractive alternative to achieve the trade-off
between the computational load and conservative design. A state-
space approach to controller design formulated with linear matrix
inequalities appears to achieve this trade-off.

It is to be emphasized that identity matrices are used for the input
and output weighting matrices. Hence, the iteration of changing
of input and output weighting matrices, which is quite common in

—-32.62 3.186 17.25

the usual control synthesis procedures, is not performed to improve
transient performance in this application.

V1. Conclusions

A game theoretic synthesis is developed for the design of a LTI
controller under real parameter uncertainties. In the formulation of
the synthesis procedure, uncertainties such as the initial states, plant
parameters, measurement and process disturbances are included
as adversaries. Necessary conditions for the solution to the mini-
max problem are given. This synthesis procedure guarantees per-
formance robustness as well as stability robustness for parameter

— 1561 —2.168]

variations belonging to a prescribed set. By considering the initial
state uncertainties and dominant closed-loop poles, the resulting
controller guarantees performance robustness with respect to initial
state and system parameter variations. The performance criterion
in the synthesis is closely related to the transient behavior of the
closed-loop system. An interpretation of the game theoretic con-
trol synthesis in terms of the constrained disturbance attenuation
problem clarifies the idea in the synthesis formulation.

The resulting suboptimal controller satisfying the necessary con-
dition is applied to a benchmark problem. The simulation results
demonstrate the performance robustness as well as stability robust-
ness of a controller using this new synthesis method. The application
to the benchmark problem illustrates the advantage of robust game
theoretic synthesis over standard methods that require iterating the
weighting matrix in the system input and output vectors. Although
this is quite common in the usual control synthesis methods, the
current synthesis technique does not require this complex heuristic
iteration process to produce good transient performance of a closed-
loop systems. In other words, for controller design using this control
synthesis technique, we can choose relatively simple and suitable
weighting matrices from physical intuition.

Appendix
Proof of Lemma 2.2. Consider the relation

J =1%ol 0 — 150 oy ) — f o — &*I13,, de (AD)
0

Since K € E4, A(p, K) + (1/6)T (p, K)WT(p, K)T ®(p, K) is

asymptotically stable. Hence, x(co) = 0 with w* € L, and J

assumes its maximum value with w*. O
Proof of Lemma 2.3.  With %) = 0,

= 112 * * *
max |x = ||x K), K = V(K
peE xpeD I 0”‘1’(1”10 lloxo (p™ (K) )”¢11(p*(K),K) (K)

Hence,

inf max max ||%oll2 < v (K A2
foepreExoeD“ Olld)(p‘K)— ( ) ( )

We have |]io|lfp(,,,1<) = xIulp, K)xo + 2xI¢12(p, K)%o + 2F
¢22(p, K)Xy. Note that if x is an eigenvector of Py (p, K),
then —xp is also an eigenvector of Py¢;(p, K). Hence, for
each %y € R* and p € E, we can find x}(p, K) such that
x5 (p, K)T¢1a(p, K)Xy > 0. Hence, for each %, € R*

= 112
max max [|%l13, x, > v*(K)

peExyeD
This implies
: = 2 * A3
g g ma Vol 2 V') (A9
The proof of the lemma follows from Egs. (A2) and (A3). O

Proof of Theorem 2.1. Considering Eq. (A1) for %y = 0, we
obtain

1212 < Ollwill3 + kol .5 Yer € Lo (A4)
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Noting that

”xO”i“(p'K) = V*(K)llxolli,_l, Vxo € R" PEE
0

we have

Izll3 < @llwill3 + v* (K lIxoll%-., Yw; € L,
0

xo € R", peE
The proof of the theorem follows from the fact that equality holds in
the above equation with © = @*, xg = x§(p, K), and p € p,(K).
Proof of Lemma 3.1.  For w; = 0 and Xy = 0, we have Ilzl|§ =
"x()”A“(p,K)' For all X € R", we have

50l ) < 2CPoAN (P, KDlxoll (AS)

The proof follows from the fact that equality holds in Eq. (A5)

when x, is the eigenvector of PyAy(p, K) corresponding to

APoA L (p, K] 0
Proof of Lemma 3.2.  Since Eq. (A4) holds with w = v = 0,

2 2 2
1212 < %ol iy < VP, Ol Vxo €K
]

The proof follows from this relation and the definition of v;.

Proof of Lemma 4.2. Lety = (p,u) e R, Y = Ex{u e
C*: lul| = 1), and M(y, K) = u’é1(p, K)u. Then v*(K) =
maxycy M(y, K). Let

Y(K)=1{y € Y:M(y, K) = v*(K)}

= py(K) x {w:¢u(p, K)u = v(p, K)u, |lul = 1}
Then, by Corollary 3.2,

] A
W (K) = co{;}—EM(y, K),ye Y(K)]

The proof of the theorem follows from the fact that IM (y, K)/3K
is a vector whose ith element is u” 3¢, (p, K)u/3K'.
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